Abstract. Living structures are highly heterogeneous systems that consist of distinct regions made up of characteristic cell types with a specific structural organization. During evolution, development, disease, or environmental adaptation each region may grow at its own characteristic rate. Differential growth creates a balanced interplay between tension and compression and plays a critical role in biological function. In plant physiology, typical every-day examples include the petioles of celery, caladium, or rhubarb with a slower growing compressive outer surface and a faster growing tensile inner core. In developmental biology, differential growth is critical to the organogenesis of various structures including the gut, the heart, and the brain. From a structural point of view, these phenomena are close associated with instabilities, of twisting, looping, folding, and wrinkling. From a mathematical point of view, the governing equations of organogenesis are highly nonlinear and often characterized through multiple bifurcation points. Bifurcation is critical in symmetry breaking, pattern formation, and selection of shape. While biologists are studying differential growth, morphogenesis, and pattern selection merely by observation, our goal in this workshop is to explore, discuss, and advance the fundamental theory of differential growth to characterize morphogenesis and pattern selection by mathematical modeling. This workshop will bring together scientists with similar interests and complementary backgrounds in applied mathematics, mathematical biology, developmental biology, plant biology, dynamical systems, biophysics, biomechanics, and clinical sciences. We will identify common features of growth phenomena in living systems with the overall objectives to establish a unified mathematical theory for growing systems and to identify the necessary mathematical tools to address challenging questions in biology and medicine.
Introduction by the Organisers
The miniworkshop Mathematics of Differential Growth, Morphogenesis, and Pattern Selection organized by Krishna Garikipati (Ann Arbor), Alain Goriely (Oxford), Ellen Kuhl (Stanford) and Andreas Menzel (Dortmund) brought together 16 participants with a diverse geographic representation from Europe and the United States. The workshop was organized in five subsections on One-dimensional Problems, Nonlinear Elasticity and Wrinkling, Patterning and Instabilities, Diffusion and Mechanics, and Selected Applications.
Living systems undergo a continuous turnover in response to microenvironmental cues. Alterations in these cues, in particular during development and disease, may cause the system to grow. This workshop brought together scientists with diverse backgrounds to discuss the mathematical modeling of growth with various applications including arteries, tumors, lungs, plants, skin, muscle, the heart, and the brain. From a biological point of view, these types of growth are histologically different and intrinsically unrelated. From a mathematical point of view, however, they have a lot in common: They all fall within the same nonlinear field theories of mechanics, supplemented by the concept of incompatible configurations. Irrespective of the nature of growth, the incompatible configuration is uniquely defined in terms of a single tensorial internal variable, the second order growth tensor. Throughout the course of this workshop, we have jointly identified suitable formats of the growth tensor and systematically categorized existing growth models by means of two criteria, the microstructural appearance of growth and the microenvironmental cues that drive the growth process.
Morphogenesis and growth-induced instability phenomena have been studied extensively in plant physiology, developmental biology, applied mathematics, and theoretical mechanics. Yet, scientists of the individual disciplines hardly ever interact with one another. This workshop will has stimulated cross-disciplinary discussion to show that growth phenomena in these fields indeed share a unified driving mechanism: Constraining deformation during growth induces structural instabilities, which may trigger a change in shape or surface morphology to release the growth-induced residual stress. Typical examples include twisting, looping, folding, and wrinkling. The underlying phenomena are highly nonlinear and require the analysis of evolving instabilities beyond the linear regime. We jointly discussed the mathematical tools necessary to explore growth-induced instabilities in the linear and nonlinear regime. Our goal was to establish unified scaling laws for living systems, for example, to correlate wavelengths or surface amplitudes to surface geometry, stiffness ratios, or growth rates. Understanding the morphogenesis and origin of shape has immediate biomedical applications in the diagnosis and treatment of chronic diseases like asthma, gastritis, obstructive sleep apnea, and tumor invasion. Beyond these biomedical applications, the scientific understanding of growth-induced morphological instabilities has important implications in geology, tectonophysics, material sciences, manufacturing, and microfabrication, with applications in soft lithography, metrology, and flexible electronics.
Many living systems are characterized by a multi-layered organization with a highly functionalized microstructural architecture to perform a wide range of tasks. In mammals, histological differences in tissue anatomy originate from early embryonic development after a series of processes, which are shared across a many species. For example, membrane or tubular structures often differentiate into two or more layers, a thin protective surface layer and one ore more thick internal layers. The required functionality determines the surface morphology of the thin layer as it evolves into longitudinal folds, radial folds, isolated mountains and ridges, or finger-type protrusions. Different rates of cell proliferation gives rise to residual stresses to promote a mechanical instability, which triggers the occurrence of regional specificities. The resulting tensile and compressive forces at the interface activate signaling pathways at the cellular level and interact with individual morphogens and transcription factors to determine the expression of a specific form of cell differentiation to create surface structure and shape. Pathological states are often characterized by a disturbance of this homeostatic state, which may trigger cell proliferation and abnormal growth. Mathematically, these phenomena fall into the broad category of pattern formation and are associated with one or more bifurcation points that distinguish characteristic morphologies. During this workshop, we have actively discussed critical conditions for bifurcation and identified examples where appropriate pattern selection is critical to biological function.
After discussing the common mathematical theory for growing systems and identifying analytical solutions for simplified model systems, we have focused on the computational modeling of differential growth. Computational modeling, for example within a nonlinear finite element framework, has the potential to provide mechanistic insight into the causes and effects of growth. It can uniquely integrate information from multiple length and time scales towards providing a holistic view of morphogenesis and pattern selection. Yet, despite intense efforts, computational modeling of growth is far from completely understood. To convert current computational models into truly predictive tools, controlled experiments are needed to acquire quantitative biochemical and biomechanical information across multiple spatial scales at multiple points in time. We have identified the urgent need for more sophisticated experiments to build confidence in the mathematical modeling and computational simulation of differential growth. Once calibrated and validated, growth models have immediate applications in biologically and clinically relevant fields such as atherosclerosis, in-stent restenosis, tumor invasion, tissue expansion, chronic bronchitis, mitral regurgitation, limb lengthening, tendon tear, plant physiology, dilated and hypertrophic cardiomyopathy, and heart failure. All participants concluded that modeling differential growth, morphogenesis, and pattern formation of living systems is a challenging but rewarding task: It may inspire improved medical devices design and optimize personalized treatment options.
Mini-Workshop: Mathematics of Differential Growth, Morphogenesis, and Pattern Selection 
